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A STUDY OF TURBUIENT FLOW BETWEEN 
PARCIUZL PIATES BY A STATISTICAL METHOD 
bY 
R. Srinivasan, D. P. Giddens, L. H. Bangert and J. C. Wu 
School of Aerospace Engineering 
Georgia k s t i t u t e  of Technology 
INTRODUCTION 
Similar i t ies  between t h e   s t a t i s t i c a l  behavior of molecules i n  a gas and 
the velocity fluctuations of f lu id  elements i n  a turbulent flow suggest the 
poss ib i l i ty  of describing both phenomena in terms of a veloci ty   dis t r ibut ion 
M c t i o n  from which mean properties may be computed by taking  appropriate 
moments.  The l i t e r a tu re  abounds with effor ts  to  exploi t  this  analogy between 
the two areasof  the f ie ld  of s t a t i s t i c a l  mechanics. From another point of view, 
there are potential  simplifications in modeling turbulence behavior at the 
leve l  of the velocity distribution f'unction (or, the probability density), 
rather than modeling individual correlations. O f  par t icular  interest  are  two 
recent studies which have attempted t o  develop theoretical  treatments for 
practical  applicationlY2. Lundgren begins  with  the  incompressible  Navier- 
Stokes equations in a form which assumes e i ther  a31 inf ini te   f luid  region or a 
constant pressure boundary condition. A hierarchy of equations for multipoint 
dis t r ibut ion f'unctions is  developed which strongly resembles the Bogoliubov- 
Born-Green-Kirkwood-Yvon3 (BBGKY) equations.  In a sasequent work Lmdgren 
attempts t o  close the system a t   t h e  one-point leve l  by employing a relaxation 
model i den t i ca l   i n  form to   the  Bhatnager-Gross-Krook (BGK) model of  kinetic 
theory. This model equation i s  not ,  within i tself ,  suff ic ient  to  def ine a 
turbulent flow. An additional equation i s  required to relate the turbulence 
diss ipat ion rate  to  other  flow properties. This, 5.n effect, implies that an 
1 
4 
- ad .- hoc assumption must be made regarding  the  relaxation  rate in the model. 
Lundgren applies his equations to several idealized problems in which no sol id  
boundaries are present. 
Chung2" has taken a very different,. approach but  arrived a t  a similar 
governing equation for the d-istribution function. H i s  analysis was developed 
from ideas of generalized Brownian motion and resu l ted   in  a modified 
FoJsker-Plan& equation. The analysis has been extended t o  account for  chemical 
species and reactions . mung likewise finds it necessary t o  make ad hoc 
assumptions on mixing length i f  his equations are t o  be self-contained. The 
result ing model is  appl ied to  the problem of plane Couette flow of an incom- 
pressible, single-species gas by employing moment methods famil iar  in  kinet ic  
theory . In these methods specific functional forms are  assumed for  the dis- 
t r ibu t ion  f'unction and unknown coefficients are found in the solution. 
7 
8 
The present work describes the solution of Lundgren's model equation 
fo r  plane Couette flow. This provides an important extension of his previous 
s tud ies  in  tha t  the  flow f i e l d  is bounded by solid sxrfaces and in tha t  it 
represents a flow for  which experimental data are available. The solution 
is  accomplished by an extension of the discrete ordinate method 
developed f o r  problems in raref ied gasdynamics. This d i f fe rs  from the moment 
method selected by Chung in tha t  no a p r i o r i  assumption is  enforced upon the 
form of the distribution function. Results obtained in the present study are 
compared with Chug's work and with available experimental data. 
9910 as 
Perhaps an interest ing analogy between the application of the discrete 
ordinate method and the moment method is  tha t  of the improvement provided in 
turbulent boundary layer calculations by the use of numerical solution to the 
par t ia l  different ia l  equat ions themselves as opposed to  the  c l a s s i ca l  i n t eg ra l  
method used ear l ie r .  A f i ne r  de t a i l  of flow structure is  afforded by the 




General Equation for the  Distribution  Function 
The s tar t ing point  for the present analysis is the lowest order equation 
f o r  the turbulent distribution fl;mction (Eqs. (1) and ( 2 ) ,  Ref. 4) 
where f (r, v, t) d; is the probabi l i ty  that  the veloci ty  a t  point  r in 
physical space i s  i n  the range v t o  v + dv in velocity space. Pressure, 
density and kinematic viscosity are synibolized by 5, p and V , respectively. 
The relaxation time i s  denoted by T, which i s  r e l a t ed  t o  the characterist ic 
turbulence  diffusion  time. F is a Gaussian  (equilibrium)  distribution  given 
by 
- 4  4 
- + + +  
The time  average f low ve loc i ty  i s  u and 3 3  i s  the  mean square of the 
velocity  fluctuations. These are  defined  as  appropriate moments of f .  That i s ,  
-t 
where the integrations are taken over the entire velocity space ( - 03 t o  + 
f o r  each component) . 
3 
.. ... . . . . . . . . . . . ~ 
I 
Lundgren assumes that  the relaxat ion time is approximately L/U , where L 
i s  the integral  scale  of turbulence, and models t h i s  by the equation 
Here, E is the  turbulence  dissipation  rate, D/Dt  i s  the usual substant ia l  
derivative, and K i s  taken t o  be a constant whose value i s  approximately 5. 
- + + +  
If the turbulence velocity c = v - u is  introduced as a31 independent 
variable, the analysis i s  made  somewhat simpler. Making t h i s  change of 
variable and simplifying the physical coordinates t o   t h e  case of one dimension 
in anticipation of the appl icat ion to  Couette flow, one obtains 
Here, y is taken t o  be  normal to   t he  mean flow and c c c are  the 
turbulence velocity components. 
x’ yy 2 
Reduced Distribution  Functions 
A reduction in computer storage requirements i s  afforded by defining re- 
duced dis t r ibut ion f’unctions according to the following scheme: 
0 
4 
Also, l e t  
The reduced equilibrium distribution functions, G, 3, H and Jv are defined 
as shown above with f = F. Equation (4) may  now be transformed into a system 
of equations which, although similar i n  form to the equation for f , are much 
easier t o  t r e a t  numerically. These become 
5 
These distribution functions should satisf 'y the constraints 
and W 
rl 
The f i r s t  of these s ta tes  that  the probabi l i ty  of finding a f l u i d  element 
somewhere in r , v space i s  unity, while the second requires that the mean of 
the longitudinal fluctuating velocity component should be zero. 
4 - t  
Moments of Interest  
Once the equations are solved for the distribution functions,  moments 
of interest  may then be calculated. For example, one obtains 
W W 
cn - 
c c  X Y  = ' j ' cy jdc  Y 
m 
m W 
% =  -$ J c h d c  + - $  I c 3 g d c y  (. 
Y Y  J Y  
6 
I 
These are  the mean velocity, turbulence kinetic energy, Reynolds s t ress ,  
mean square of y-velocity component fluctuation, and k ine t ic  energy flux, 
respectively. 
Final Reduced Equations 
It is convenient t o  define the following nondimensional variables:  
6 ,= "d/U* 3 ; 5 = Y/d  
where 2d is  the distance between the plates ,  i s  the  turbulence  shear 1 
s t ress ,  v is the  kinematic  viscosity, p i s  the  density, and u* = [(p,)w/P]2 
is the  usual  fr iction  velocity.  
*w 
Using these  quantities and dropping the  superscript 'I  A , for  
simplicity, the set of governing equations becomes 
7 
where 
It i s  t h i s   s e t  of equations which is  t o  be solved by the discrete ordinate method, 




Examination of t h i s  system of equations reveals tht it i s  not yet 
completely  self-contained. The diss ipat ion rate  E i s  not  given as a moment 
of the  distribution  function.  Therefore, a separate  equation  for E is 
required to close the set. Among the possibi l i t ies  for  such a31 equation for 
the present problem are  the  use of an  algebraic  relationship  resulting from 
setting  turbulence  production  equal  to  dissipation 
or by use of a different ia l   equat ion  to  model E , such as the one derived by 
Jones and Launderu based upon a semi-empirical approach. For Couette flow it i s  
2 c 2 - - c  3 2 Re* 7 = o  
Here, DE , c1 and c 2 are  constants and v T = Re, ( s ) / ( d u / d y )  . 
Each of these equations for E has  been employed in the present study, and 
resu l t s  w i l l  be discussed i n  a subsequent chapter. 
9 
BOUNDARY CONDITIONS 
One of the difficult  aspects of this research i s  specification of the 
appropriate boundary conditions. This difficulty arises as a consequence of two 
factors.  First ,  since the mean velocity is a moment of the di’stribution function, 
information from continuum flow only gives the no-slip condition that 
Because many f’unctions fo r  f could be specified which satism th is  in tegra l  
constraint,  there is a lack of uniqueness in  prescribing  f .  If f i s  prescribed 
as a Dirac delta function which also implies zero instantaneous velocity a t  the 
wall, it is  difficult to incorporate numerically. 
Second, the relaxation time, T , is  d i f f i c u l t  t o  model in the viscous sub- 
layer because  of  the unknown variat ion of E and U. Furthermore, in the 
derivation of the turbulence model equation, the effects due to  the  presence of 
the w a l l  were not modeled separately. A s  a consequence, the val idi ty  of the 
model equation is  suspected very near the wall even if a successful relaxation 
model is obtained. Thus, there i s  a hesi ta t ion in applying the analysis in t h i s  
zone. 
With these considerations in mind there are clearly two fundamental 
questions t o  be addressed i n  the research. 
(i) where should the boundary condition on the dis t r ibut ion 
function be applied, and 
(ii) what functional form should it take? 
Thus, the present study can actually be divided into two segments : f i r s t ,  
t o  develop the capabili ty of obtaining convergent , stable numerical solutions to 
the model equation; and second, t o  examine the val idi ty  of various boundary 
conditions in l igh t  of comparison with experimental data uy ”. This division of 
the problem vir tual ly  paral le ls  the s i tuat ion ar is ing in calculations of raref ied 
flaws from the Boltzmann equation. In th i s  f i e ld  the  study of gas-surface 
interactions-- which are used fo r  boundary conditions in solution of the govern- 
ing equation -- has become almost a separate  f ie ld  of study within itself. such 
10 
could well be the case  with  the  statist ical  approach to   tu rbulen t  flows. 
Matching t o  Law of Wall 
!The course taken i n  the present work was t o  confine the application of 
the turbulent model equation t o  regions outside the viscous sublayer. Values 
of y* = yu+,/V from 50 t o  100 were selected as the boundary points for the 
governing equation, and the usual functional forms fo r  l a w  of the w a l l  were 
assumed to  r e l a t e  t he  boundary po in t  t o  w a l l  conditions. This necessitates 
tha t   cer ta in  matching of the numerical solut ion  to  l a w  of w a l l  var ia t ion at 
the boundary point be performed. The specific conditions applied are dependent 
upon the form selected for the  distribution  function a t  the boundary and w i l l  
be  discussed  in more de t a i l   i n   t he   s ec t ion  on NUMERICAL APPROACH. 
Zero Gradient Distribution Function 
The  momentum equation fo r  Couette flow wi th  zero pressure gradient in the 
continuum theory for turbulence reduces t o  a statement that  total  stress is 
constant between the plates.  If at tent ion i s  confined to the region well out- 
side the viscous suiblayer, then the viscous stress contribution is  negligible 
and therefore Reynolds s t ress  i s  constant. Assuming that the apparent viscosity 
coefficient is l inear  in y then gives the familiar logarithmic result for the 
mean velocity profile.  Further,  the kinetic energy of turbulence, rf , is  
known t o  be  approximately  constant in such a logarithmic region . In terms of 
the moments described earlier, these conditions give 
1 2  
m 
- 
f dcx dc  dcZ = c  c = constant 
Y X Y  
Therefore,  under the assumption  of a l inear  var ia t ion in v for the 
T 
Couette flow problem, it should be possible to  construct  a boundary condition 
for the distribution function which causes the governing s ta t is t ical  equat ion 
to   y i e ld  a 1ogarLthmic solution between the plates.  A necessary condition for 
t h i s  i s  to  fo rb id  f t o  have a gradient at the  boundary point and to  requi re  
it t o  match the l a w  of the w a l l  there. 
The governing equation i t s e l f  may be used t o  develop an appropriate form 
f o r  f by setting  af/ay = o in Eq. (4). If one then assumes du/@ = l/ny, 
U = UB, C = du/dy , and 1/T = K C / u ’  , the equation becomes 
afB 
x acx 3K(FB - fB) + 3fB + c -
X 
afB  afB 
Y acy acz + c  - + c -  
where the pressure gradient and viscous stress have been taken as zero.. The 
subscript B is used to  indicate  that  the dis t r ibut ion f’unction obtained f r o m  
solving this equation is  t o  be employed as a boundary condition for solution 
t o  Eq. (4) for the region between the plates.  
Again, it is found t o  be eas ie r  to  work with the reduced distribution 
fknctions. The equations for  these which correspond t o  Eq. (10) are  
12 
. .  
Solutions to these equations are  independent of y and a r e  t o  be applied as 
boundary condition functions i n  solving Eqs. (6). It should be noted that 
ajJay # 0 since the mean velocity is not constant, but logarithmic. However, 
jv  
can be   re la ted   to  g and j by 
02 W 02 
jv  = J J (cx + u )  f dcx dCZ = J ' J  cx f dcx dCZ + u J J f dcx dcz 
or  
j v =  j + u g  
Hence, at the boundary 
where % i s  determined by the logarithmic relation 
with N. and B as constants. A value  for y* = u.+y/V of 100 is  used t o  
insure that viscous stresses are,  in fact ,  negligible at the boundary point. 
The solution to the set of equations (11) must be obtained numerically. 
Since the distribution functions and a l l  their  velocity gradients m u s t  approach 
zero as 1 cy\ -, , t h i s  i s  used as a boundary condition in velocity space. 
The integration proceeds from a large value of c toward zero and from a small 
negative  value c (with  large  absolute  value) toward  zero. A f i r s t  order 
f ini te  difference scheme is  ut i l ized for  the integrat ion.  The resu l t  of the 
integration i s  a s e t  of numerical values for fB which is  then employed as 
a boundary condition in the solution of the model equation for y* > 100. 
Y 
Y 
Chapman-Enskog Distribution  Function 
There a re  two shortcomings in the use of t h e  a f p y  = 0 boundary condi- 
t ion.  One i s  that the value of u* must be  specified a pr ior i .  This i s  
equivalent to  es tabl ishing the wall shear stress, which i s  a quantity which 
hopefully would emerge from the  solution  rather  than be required as an input 
i n  order t o  ob ta in  a solution. The second i s  that experimental data f o r  mean 
velocity my not follow the logarithmic variation throughout the entire region 
between solution boundaries. This point w i l l  be discussed later in the 
mSULTS section. 
Therefore, it was desirable  to  seek a boundary condition for the distribu- 
tion function which would circumvent these diff icul t ies .  Upon f i rs t  inspection 
it would  seem possible  to  impose a Gaussian dis t r ibut ion for  fB in a manner 
analogous to   t he  use of Maxwellian re-emission of molecules from a surface in 
the kinetic theory of gases. However, since a Gaussian dis t r ibut ion f’unction 
gives zero Reynolds s t r e s s ,  t h i s  i s  inappropriate for application within a 
turbulent zone. (There may be merit in attempting t o  apply the s ta t is t ical  
model equation within the viscous sublayer, where Reynolds stresses are small 
and then imposing the Gaussian dis t r ibut ion in a limiting Dirac delta f’unction 
form at  some point in this region. However, t h i s  poss ib i l i t y  was not examined 
under the present effort) .  
An organized manner of obtaining a proper boundary condition is  the 
Chapman-Enskog pr~cedure’~. Employing t h i s  method  one can obtain approximate 
solut ions to  Eq. (1) using a ser ies  expansion. The zeroth order solution gives 
an equilibrium Gaussian dis t r ibut ion,  which, as mentioned previously, results 
i n  zero Reynolds s t ress .  The f i r s t  order solution i s  commonly termed the 
Chapman-Enskog dis t r ibut ion,  and allows fo r  a Reynolds s t r e s s   t o  occur. 
The f i rs t  order Chapman-Enskog expansion fo r  a one dimensional flow gives 
where 
14 
is the Gaussian distribution. The corresponding nondimensional forms for the 
reduced distribution  functions  are 
These forms may then be applied as boundary conditions for the governing 
equation. Details of the application w i l l  be discussed i n  t h e  chapter on 
NUMERICAL APPROACH. 
Two-Stream Nature of Boundary Conditions 
Even though a f‘unctional form is established  for  the boundary dis t r ibut ion 
function, fB , the correct implementation of t h i s  form is  not straightforward. 
If one examines the physics of the problem, it i s  clear that  both plates contri-  
bute t o   t h e  establishment of the flow; and, therefore, boundary conditions 
should be applied a t  a y* value near each plate, giving two boundary condi- 
t ions.  (The  symmetry condition a t  the centerline may be  invoked t o  reduce 
the  problem t o  a half-space i n  y,  but  this  s t i l l  necessitates specifying two 
boundary conditions on f ) .  Yet, i f  one examines the one-dimensional governing 
equation (Eq.(l)), it is observed tha t  only a first-order derivative in y 
appears when viscous terms are neglected. It would thus appear that imposition 
of two boundary conditions would r e su l t  in overspecifying the problem. 
Experience in solving the Boltzmann equation in raref ied gas dynamics 
gives insight to resolving this paradox. In the molecular approach to  ra ref ied  
flows one can orily specif'y the velocity distribution f'unction of molecules 
leaving a surface. The distribution flmction for those striking the surface is 
determined as a consequence of the solution. Thus, the boundary conditions 
possess a "two-stream" nature. The interaction of the incoming and outgoing 
stream i s  controlled through the collision or relaxation term in   the  model 
equation and through integral  constraints such as the requirement that the 
incoming mass flux equal that  for  the outgoing stream. 
If th i s  concept is  transposed to  the present  problem of turbulent Couette 
flow, one requires that a t  the boundary point near the lower plate  the dis t r i -  
bution  f'unction is specified only for posit ive values of  c  while for  the 
corresponding point near the upper plate it is  specified only for negative 
values of c . This is  i l l u s t r a t e d  i n  Figwre 1. Insofar as the  function f 
is  concerned, t h i s  is equivalent t o  imposing a single constraint  for a l l  c 
Y 
domain values while it allows the effects of each p l a t e   t o  be introduced into the 
problem. This i s  mathematically consistent with the first order nature of the 
y-derivative in the governing equation. Further, it seems plausible that such 
a two-stream approach i s  ju s t i f i ed  on a 'physical  basis,  since the turbulence 
motions leaving and approaching the wall region w i l l  be affected  different ly  
by the presence of the wall. 
Y 
Y 
A s  with the case in raref ied gasdynamics, integral  constraints m u s t  be 
imposed. The most obvious one is  tha t  
s ince this  m u s t  hold from the definit ion of f .  Additional constraints w i l l  be 




Discrete Ordinate Method 
The discrete ordinate method. i s  a numerical technique of replacing a 
continuous independent variable in a system of integro-part ia l   d i f ferent ia l  
equations by a s e t  of discrete values and then treating these as parameters i n  
the remaining solution. Although not  res t r ic ted to  integro-different ia l  
equations, the method. has proven quite  useful in attacking  this  type of problem. 
Two examples of this application in physics are radiative heat transfer15 and 
raref ied gas a y n a m i c ~ ~ - ~ .  The l a t t e r  f i e l d  i s  closely related to the present 
study of turbulence since a fundamental equation in raref ied gas dynamics is 
the Boltzmann equation for  the  velocity  distribution  function of molecules. 
If the  BGK model i s  subst i tuted  for   the  col l is ion  integral  of that equation, 
the one-dimensional form (which would correspond t o  a Couette flow geometry, fo r  
example) becomes 
in the absence of external forces. This equation possesses a form similar t o  
Eq. (4).  However, the latter equation is  more complex to  t rea t  s ince  it 
includes terms involving af/& . ~ h u s ,  one of the important  extensions of the 
discrete ordinate method as applied to the present problem has been the   t rea t -  
ment of derivatives in velocity space. Lnterestingly enough, the presence of 
external force terms in the Boltzmann equation would introduce derivatives 
of t h i s  type so that knowledge gained in the present numerical solution for 
turbulence can be transferred back to   r a r e f i ed  gasdynamics. 
Since the moments required to  compute flaw properties of interest  are  
obtained as integrals over velocity space (cf.  Eqs. (8) ) , it i s  the velocity 
variable which is chosen t o  be discretized. The se t  of points selected i s  
denoted by {c,] , and a continuous function, say, g(y,c ) is  replaced by a 
s e t  of functions g,(y), 0 = 4 2 ,  .. . , S. The sane  procedure i s  appl ied to  
each of the dependent variables. The integrations  over c t o  form moments  may 
then be accomplished by numerical quadrature employing appropriate weighting 




where @ is  a fbnction of c and Wo are   the weights in the  quadrature. 
The de ta i l s  of the resulting equations are shown in Appendix A. 
Y '  
Finite  Difference. Methods 
Since  derivatives  with  respect  o  both y and c are  f i rs t  order,  the 
Y 
f i r s t  approach taken in forming finite difference equations from the different ia l  
equations was t o  use simple forward or backward differences, depending upon the 
direction of integration. However, t h i s  f irst  order scheme resul ted in  some 
numerical error i n  the region near the wall. This i s  i l l u s t r a t ed  in  Figure 2 
for the solution obtained for Reynolds stress with the af/ay = 0 boundary 
condition. It i s  expected tha t  CC should remain constant  in  the  turbulent 
zone between the plates .  A s  seen in this  f igure the deviat ion from a constant 
value is  approximately one per cent. Although i n  most cases t h i s  is  quite 
adequate i n  terms of accuracy, it was the non-constancy of the Reynolds Stress - 
as opposed to the absolute error - tha t  was of some concern. The resu l t s  for  
the Chapman-Enskog boundary condition show a similar, but exaggerated, behavior 
in tha t  cc varied approximately fifteen percent across the turbulent zone of 
the channel. Some of th i s  var ia t ion  i s  l ike ly  due to  the  model assumed for  the 
boundary condition; however, it was deemed important t o  reduce numerical errors 
so that   effects  of physical modeling and numerical modeling could be more 
clearly  delineated. 
X Y  
X Y  
Therefore, the possibility of employing a more accurate finite difference 
form was investigated. If a f'unction  f(y, c ) i s  expanded in a Taylor ser ies  
about a point (yi, eo), one may write 
Y 
and 
, . .., ..,,. .. ..... . ... ... . .. ... .- "" __ 
fo r  a constant  spacing Ay. Eliminating the second derivative terms, there 
resu l t s  
Solving for  the f i rs t  derivative gives 
Thus, t h i s  backward difference scheme has a truncation error of order ( A Y ) ~  as 
compared to  tha t  of order (Ay) for  the simple forward difference. A similar 
form for  a second order forward difference scheme can be developed, yielding 
In the implicit  f inite difference scheme  employed, the dis t r ibut ion 
function and i ts  derivative with respect to y a r e  t o  be evaluated at the same 
grid point. Consequently, the f ini te  difference formulae shown above are  more 
appropriate than the usual central difference scheme. 
A similar approach can be employed for deriving expressions for 
(af/acy) . However, the  spacing of discrete  velocity  points i s  necessarily 
i,a 
variable so tha t  e f f ic ien t  use of quadrature can  be achieved. Therefore, it is  
preferable to obtain a second order finite difference expression from a 
Lagrange interpolation formula . This resu l t s  in the  following  differences: 16 
20 
. . ..... .-.-... ,... ,. . 
A s  a consequence of the two-stream nature of the distribution functions,  
the choice of the difference scheme (ei ther  forward or backward) i s  readily 
prescribed. For the "positive" stream (ca > 0) , the computations should proceed 
from + (where boundary conditions with respect t o  ve loc i ty  space are known) 
t o  zero and from the lower boundary point (where conditions with respect. t o  
physical space are known) t o   t h e  upper boundary. Thus , the forward difference 
i n  velocity space and the backward difference  in  physical  space are employed. 
For the "negative" stream (co < 0) the reverse i s  true.  There, the integration 
proceeds from - m t o  0 in c and from upper boundary t o  lower boundary i n  y. 
Thus, the backward difference in velocity space and the forward difference in 
physical space are utilized. When these forms are substituted for the deriva- 
t i ve  terms i n  Eqs.  (9) , a se t  of difference equations for the reduced d i s t r i -  
bution functions is  obtained. These equations are given i n  d e t a i l  i n  
Appendix B. 
Y 
I terat ive Scheme 
The resulting equations m u s t  be solved by an iteration process since they 
contain terms which depend upon the macroscopic properties. Therefore, in i t ia l  
guesses are made for  u, U, and E (an i n i t i a l  p r o f i l e  f o r  Reynolds s t ress  i s  
not required). The equations for the "positive stream" are then solved from 
the boundary point up to  the center l ine,  symmetry conditions are applied, and 
the "negative stream" is  then computed from centerline to boundary point. 
This completes one i te ra t ion  and yields the approximation to  the  reduced distri-  
bution functions. From these, new profi les  for  the macroscopic quantit ies are 
found and stored for use in the second iteration. If  integral  constraints are 
required at the boundary pojnt, these are imposed before the second i te ra t ion  is  
begun. These w i l l  be discussed i n  the next section. 
This iterative process continues until sat isfactory convergence i s  obtained 
for   the macroscopic properties. 
Constraints at Boundary 
The form of the dis t r ibut ion a t  the boundary point dictates the constraints 
which must be applied. 
21 
Zero Gradient Boundary Condition. In employing the boundary condition found 
from sett ing  af/ay = 0, it is  necessary to  spec i fy  U and u, (hence, the 
value of the w a l l  shear stress).  This i s  the value of u, t ha t  would resu l t  
i f  the mean velocity were logarithmic between the plates.  Equations (U) are  
then solved, srhject  to these constraints,  to give the boundary conditions on 
g, j ,  h. These conditions are then fixed for a l l  i terat ions.  The values  of 
u and du/dy at  the boundary point are determined from the l a w  of the w a l l ,  
u t i l i z ing  the  assumed value of u,. 
Chapman-Enskog Boundary Conditions. A s  discussed,the Chapman-Enskog form of 
the  dis t r ibut ion f’unction may be used as a boundary condition on the  posit ive 
stream. With t h i s  form it is possible  to  deduce the value of w a l l  shear from 
the solution to the equations, rather than requiring an a p r i o r i  assumption on 
u*. This i s  achieved by applying appropriate integral constraints upon the 
outgoing and incoming streams a t  t he  boundary point. If the Chapman-Enskog 
forms are writ ten f o r  the reduced dis t r ibut ion f’unctions, there  resul ts  
Re,? 
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Using these equations as boundary conditions on the outgoing or positive stream 
a t  the lower boundary point, the f irst  i te ra t ion  may begin once i n i t i a l  guesses 
are  posed for  the macroscopic quantities. Then, upon marching back from the 
centerline of symmetry, certain quantit ies m u s t  be re-evaluated before the 




Re,U 3 d y  
- -  
and 
In the present study the following constraints have been applied: 
W 0 W 
J- g dCY = Jg-acy + J g+ dc = 1.0 Y 
W 0 m - 
c = J cy g dCY = J cy  g-  dcy + J cy g + dcy= 0 
Y 
The f i r s t  of these s ta tes  that  the Reynolds s t ress  a t  the boundary point is 
equal t o   t h e  w a l l  shear stress (the viscous stress could be included i n  t h i s  
equation and, in fact, several calculations have been performed over the course 
23 
of the study in which t h i s  has been done). The second condition s t a t e s  t ha t  t he  
probabili ty of finding a f l u i d  element with velocity between -a and +co is  
unity, while the third requires that the time average of the fluctuating 
ver t ical   veloci ty  component be zero. 
If the Chapman-Enskog forms of Eqs. (16) are substi tuted into Eqs. ( l7b,c),  
there  resul ts  
and .=-/x c2 
where 
0 
c 1 = J g- dCY 
,a 
and 
c = f c g - d e  . 2 Y Y 
,m 
The l a t t e r  two integrals are computed numerically a t  the end of each i terat ion,  
based upon the current iterate f o r  the g- (or incoming stream) distribution. 
Thus, parameters i n   t h e  outgoing stream may be readjusted at each i t e r a t i o n   t o  
conform with  the imposed constraints. The value for u* , and  hence w a l l  
shear stress, i s  obtained by requir ing that  the computed value of u a t  the 
boundary point f i t  the logarithmic relation for l a w  of the w a l l ,  
It is emphasized that t h i s  is  the only point, under t h i s  Chapman-Enskog scheme 
for boundary conditions, at which l a w  of the w a l l  is  assumed t o  hold; and t h i s  
is  implemented only t o  avoid using t h e   s t a t i s t i c a l  model for turbulence within 
the region where viscous stresses are comparable t o  or larger than Reynolds 
stresses.  
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A l l  calculations reported here f o r  the present study were made a t  a Reynolds 
nuniber  (Re = uwd/") of 17,000. 
Zero-Gradient Boundary Condition 
The motivation for deriving this boundary condition and applying it t o   t h e  
Couette flow problem was twofold. F i r s t  , it was important to  de temine  whether, 
under appropriate assumptions, the statistical model equation could reproduce a 
turbulent  flow  within which the mean velocity  varied  logarithmically and the 
Reynolds stress remained constant. Since it is known from experiments t h a t  such 
a region exists near the w a l l  fo r  many turbulent flows, the capability Df the 
model t o  recover th i s  r e su l t  i s  a log ica l  f i r s t  t e s t  of i ts  val idi ty .  Second, 
it was expected tha t  such a boundary condition might potent ia l ly  be appl ied  to  
more general  si tuations than the Couette flow due to,  as mentioned above, the 
existence of a l imited  logarithmic  region  for maw boundary layer flows. 
So that the expression for e in t h e  s t a t i s t i c a l  model equation i s  con- 
s is tent  with the l a w  of the w a l l  in the logarithmic region, the production is  
set  equal to the dissipation, giving 17 
e = o .7968 u3/y 
The zero gradient boundary conditions obtained from the numerical solution 
t o  Eqs. (ll) and the equation for 8 , Eq. (lg), were applied to the equations 
f o r  Couette flow, Eqs. (9). The numerical scheme was t h a t  of second order  f ini te  
differences derived in the previous section. An in i t ia l  guess for  mean velocity 
which corresponded to   the  l a w  of the w a l l  var ia t ion was  as6umed, and the  i terat ive 
process was begun. coqstants in  the logarithmic mean velocity profile were taken 
as n = 0.41 and B = 5 .OI7. After 45 i te ra t ions  , the mean velocity profile had 
converged t o  and remained within 0.05 percent of the  logarithmic  profile;  and the 
dimensionless Reynolds s t ress  was constant to  three s ignif icant  digi ts  at - 0.992 
(exact value i s  - 1.0). The numerical procedure has been shown t o  give a unique 
solut ion for  different '  in i t ia l  guesses  fo r  the velocity profile.  For exanple, 
in one case the logarithmic profile was used as an in i t ia l  guess and i n  another 
a l inear  prof i le  for  mean velocity was employed. The converged results agreed 
fox  both examples. 
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Solutions obtained using the zero gradient boundary condition have clearly 
demonstrated that   the  Lundgren's model equation is a reasonable one and have 
given encouragement that accurate results may be obtained from such a s t a t i s t i c a l  
approach. Further, it is believed that these results have demonstrated the 
numerical accuracy of the discrete ordinate and difference schemes presently 
employed. 
Chapman-Enskog . - .. - . . . . Boundary Condition 
Although it is establ ished that  a logarithmic region exists near the W a l l  
f o r  many boundary layer flows, this does not imply tha t  such a region w i l l  
extend across the entire field for the Couette flow case. In fact, experimental 
data indicate  that  such may not  be  the Although Johnson's 
data for Couette flow can be made t o  fit the l a w  of the w a l l  i f  n = 0.4115 
and B = 5.6, the fact that these "constants" may not f i t  other experimental data 
indicates a lack of rigor in specifying a unique resu l t .  Furthermore, Reichardt 's 
data for  mean velocity do not f i t  a logarithmic variation very well for any pair  
of these constants. 
18 
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If the experimental value of  us quoted by Reichardt i s  employed  and 
reasonable  values of n and B are assumed, the  logarithmic  velocity  profile 
does not pass through zero at the centerline and does not f i t  the experimental 
data well. On the other hand, by selecting a rather large value of B (7.456) 
the logarithmic profile can be made t o  satisfy zero velocity at the centerline, but 
t h i s  does not follow the experimental data elsewhere. 
The  Chapman-Enskog form of the   d i s t r ibu t ion   Mc t ion   fo r   t he  outgoing 
stream was employed as a boundary condition in a ser ies  of calculations. The 
f i r s t  results reported here were obtained with the f i r s t  order difference scheme. 
Calculations utilizing the improved second order scheme are currently in  pro- 
gress and some resu l t s  w i l l  be given. The major difference obtained by using 
these two numerical methods is improved accuracy near the boundary with the 
second order technique. Numerical solutions have been calculated using both 
the algebraic (Eq. (ge)) and d i f f e ren t i a l  (Eq. (sf)) equations for the dissipa- 
t i on  E . In a l l  cases reported, the solutions were unique and convergent. 
This was tes ted by employing different  in i t ia l  profiles, various grid spacings, 
and different  boundary point locations. 
Figure 3 i l l u s t r a t e s  t he  r e su l t s  fo r  mean velocity.  The experimental 
data of Reichardt are plotted for comparison. The logarithmic profile corre- 
sponding t o  H = 0.41 and B = 5.0 is  also shown. Both of the solutions 
using t h e   s t a t i s t i c a l  model equation f a l l  very near t o   t h e  experimental data. 
The case fo r  e - $/y is particularly close. Some differences can be observed 
between the solution obtained assuming that dissipation equals production and 
tha t  found when the   d i f fe ren t ia l   eqmt ion   for  is u t i l i zed .  These differences 
a re  re la t ive ly  minor. Chung's solutions16 are  a l so  p lo t ted  for  comparative 
purposes. The r a t i o  of f r ic t ion  ve loc i ty  to  p la te  ve loc i ty  quoted by Reichardt 
was 
u3t - 2 0.0425 (Re = 17,000) 
U 
W 
while the calculated values were 
u* 
% 
- = 0.044.87 ( U s i n g  Eq. (ge) f o r  E ; Re = 17,000) 
and 
u* - =  
U 
0.04467 (Using Eq. ( s f )   fo r  E ; Re = 17,000) 
W 
Chung's calculated values6 were 0.03284 (Re = 36,000) and 0.0405 (Re = 9,810). 
Results for Reynolds stress are given in Figure 4. The experimental 
data l3'l8 are shown fo r  comparison. The calculated results show a variable 
Reynolds s t ress  which decreases near the w a l l  boundary. The decrease is  not a 
consequence of  increasing viscous stress but rather is  a resu l t  of some numerical 
error with the first  order scheme and of modelling the boundary condition using 
the Chapman-Enskog form. Despite this variation, the calculated results are 
within f 3-5 per cent of the experimental values. Experience with the second 
order difference scheme shows substant ia l  improvement in the Reynolds s t ress  
profile near the wall. Again, Chw's  resu l t s  a re  shown f o r  comparison. 
6 
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The prof i les  for kine t ic  energy are given in Figure 5 .  There is  very 
l i t t l e  d i f f e rence  between the  resu l t s  for  the  two models for C , and both 
prof i les  show a slight decrease in  turbulence kinetic energy as the w a l l  
boundary point is approached. 
An interesting aspect of t h e   s t a t i s t i c a l  approach t o  turbulence is that 
the distribution functions may be calculated. This may offer  insight  into 
turbulence mechanisms and aid turbulence modeling. Figure 6 i l lus t ra tes  the  
g distribution employed as a boundmy condition for both the zero gradient and 
Chapman-Enskog cases,  while  Figure 7 shows a similar graph f o r  j .  (It is  
emphasized tha t  only the outgoing stream is modeled with these f’unctions). The 
Chapman-Enskog dis t r ibut ions  are  somewhat broader  than  those  for = 0. 
This is  particularly  noticeable  for  the j distribution  fvnction. It should 
be pointed out again that a Gaussian dis t r ibut ion would lead  to  j = 0 fo r  a l l  
c and t o  a zero  value of Reynolds s t ress .  It should also be 
here that the Chapman-Enskog dis t r ibut ion does not sa t i s fy  the  
entia1 equation a t  the boundary. Therefore some gradients can 
such an approach. 
Y 
Figure 8 shows resul ts   for   g  at several  y locations 
pointed out 
governing differ-  
be expected with 
across the channel 
for  the Chapman-Enskog boundary condition case. The two-stream nature of the 
dis t r ibut ion f’unction when employing t h i s  boundary condition i s  clearly evident. 
Near the w a l l  (y = 0.125) there is  a noticeable discontinuity in g at c = 0. 
This discontinuity  gradually  decreases as y  increases. This is a consequence 
of the influence of the relaxation term in the governing equation. Physically, 
the f luid elements a re  in te rac t ing  to  smooth out the distribution f’unction. 
Y 
Recently obtained results employing the Chapman-Enskog boundary condition, 
the differential  equation model for  e , and the second order difference scheme 
are  s h m  in Figures 9 through 13. Figure 9 i l lus t ra tes  the  resu l t s  for  the  mean 
veloci ty  prof i le  and compares these with Reichardt’s experimental data. The 
comparison is quite favorable. The Reynolds s t ress  is  given in Figure 10. It 
can be seen tha t  , although the calculations do not give a flat profi le  , the sharp 
decline i n  c c near the w a l l  experienced with the f i r s t  order scheme is sub- 
s t an t i a l ly  reduced by employing the second .order difference form. The calculated 
value for u.+fuw is 0.044377,  compared with the value of 0.0425 deduced from 
Reichardt’s data. The turbulence kinetic energy, shown in Figure 11, is also 
reasonably constant across the channel. Figure 12 i l lustrates the results obtained 
-
X Y  
for  E from Equations  (ge) and (sf). The two solutions compare quite w e l l .  
This indicates that the algebraic expression for 6 , Eq. (ge), i s  very good f o r  
Cbuette flow. 
Another interest ing feature  of the present approach i s   t h a t  it is also 
possible   to  compute the contribution of the y-component of velocity fluctuations 
t o  the turbulence kinetic energy. This contribution, as shown in Figure 13, i s  
almost constant except for a slight variation near the boundary point. In 
regions away from the boundary point, the solution obtained shows 
about 89 per cent of 6. In t h i s  region, as seen from Figure 8, 
tion function, g , does not vary with Y. For such  cases, it can 
Equation ( 9a) tha t  
For the value of K used in th i s  reg ion ,  th i s  ra t io  i s  about 0.89. 
tha t  c is -2 Y 
the distribu- 
be shown from 
This rat io ,  
however, is  quite different from the isotropic value. Thus, the results obtained 
with the improved difference scheme are quite encouraging. 
CONCLUSIONS 
The present study has accomplished the following: 
(ii) 
(iii) 
Thus, it is  believed 
A convergent numerical scheme employing a 
combination of the discrete ordinate method and 
finite differences has been developed for solving 
the one-dimensional form of Lundgren's model 
equation for turbulence. 
PhysicalJy realist ic boundary conditions for the 
distribution flmction and models for the turbulence 
diss ipat ion  ra te  have been examined. 
Lmdgren's equation has been proven to   y ie ld   rea-  
sonable results for mean velocity,  Reynolds s t ress ,  
and turbulence kinetic energy for the case of simple 
Coue tt e  flow. 
that  this  research has yielded important contributions to 
the understanding and modelling of turbulent flows; and fur ther ,  that  the 
knowledge gained provides a basis for  addi t ional  s tudies  in f'undamental aspects 
of turbulence. 
The comparisons of theory and experiment reported here indicate that the 
s t a t i s t i c a l  approach taken by Lundgren provides an accurate description of a 
simple case of wall-bounded turbulence -- Couette flow with no pressure gradient. 
However, there are only limited experimental data available for comparison. An 
appropriate extension of the present work would be t o  consider the case of 
channel flow, fo r  which more extensive measurements are published. One of the 
primary areas of study should be the use of such d a t a   t o   b e t t e r  model the 
boundary conditions for the distribution function. Further refinements in the 
s t a t i s t i c a l  model i t s e l f  should be considered if  comparisons of theoret ical  and 
experimental results indicate difficulties 
used by Lmdgren. Based on the experience 
t ions should be relatively straightforward 
with the basic BGK-type approach 
with Couette flow, numerical solu- 
and inexpensive ( in  terms of computer 
time) for one-dimensional problems which include pressure gradient and 
chemical reactions. 
Computation time t o  achieve a converged solution for the zero-gradient 
boundary condition was about I2 minutes on a UNIVAC 1108. For the Chapman- 
Enskog boundary condition, t o t a l  computation time varied from 25 t o  50 minutes, 
depending on the choice of in i t ia l  prof i les .  
Although the numerical techniques would be more complex and time-consuming, 
cer ta in  simple two-dimensional problems could also be attacked using the model 
equation and solution method employed in the present research. Examples of 
this are free shear layers and  boundary layer flows. However, it i s  thought 
that  the real  value in  employing t h e   s t a t i s t i c a l  approach to  turbulent  flows 
examined here i s  in f'wthering basic understanding, as opposed t o  developing 
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Fig. 13 Root Mean Square of y-component Turbulence Velocity 
The governing differential  equations,  Eqs. ( g ) ,  contain terms which a re  
defined as moments of the distribution functions. Since these moments a re  
obtained as integrals over velocity space, as sham in  Eqs. (8) , it i s  
convenient to  discret ize  the veloci ty  var iable .  The se t  of discrete velocity 
points selected is  denoted by [c,] , and a continuous function, say 
g (y  , cy) , i s  replaced by a set of functions gO (y) , 0 = 1, 2 . . . , S . This 
procedure i s  applied for each of the dependent variables. To evaluate the 
required moments, numerical quadratures employing appropriate weighting 




where $ i s  a function of c and WO are  the  weights in the  quadrature. 
Y Y  
The specific values for the discrete ordinates, cO , depend upon the 
quadrature selected. In the present study an eleven-point closed-type 
Newton-Cotes quadrature is  employed for integration. This quadrature  requires 
equally spaced points in the interval  of integration. To reduce the computing 
time, the interval of integration i s  divided into many sub-intervals and 
appropriate spacings are chosen in  each sub-interval. 
After some numerical experimentation, a t o t a l  of 440 discrete  veloci ty  
points were u t i l i zed  to  insure  suf f ic ien t  accuracy i n  the integrations. 
When discrete ordinates are employed, the governing equation (ga) , then 
becomes a system of differential  equations of the form 
47 
where (5 = 1, 2, . . . , S. In t h i s  system, go is a function of y  only, 
and it represents the f’unction g(y, c ) evaluated at the discrete  veloci ty  
Y 
point c = cu. In the numerical procedure used t o  solve the set  of equations 
(A-2) , the  term. (8) i s  replaced by a finite difference approximation as 
described i n  Appendix B. Thus, the governing p a r t i a l  d i f f e r e n t i a l  equation, 
Eq. (ga) is approximated by a se t  of ordinary differential  equations of the 
form shown i n  Eq. (A-2).  A similar s e t  of equations i s  obtained for each of 
the reduced distribution functions. These sets are then solved for the various 
discretized functions, and the  resu l t s  a re  used in the numerical quadratures 





The non-dimensionalized governing equations for the reduced dis t r ibut ion 
f’unctions are  
“Y X = - ( G - g ) + B ( g + c y % )  a 1  Y 7 
3 3  
and 
E 
+ - ( u g + v  -) ajv 
3 3  Y avy 
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Using the second-order f ini te  difference schemes outlined in the 
section NUMERICAL APPROACH, the  Equations (B-1) - (B-4) c a  be approximated 
fo r  each node ( i ,u)  as shown below. The subscript  "i" denotes the ith point 
in the physical space, yi , and -the subscript "U" represents the discrete 
velocity  point co. 
Finite-difference  equations  for  "positive  stream",  (cu > 0) can be 
obtained by usingbackwarddifferences in  physical space and forward differences 
in velocity space. The reduced distribution functions for "positive stream" 
are  denoted by a superscript "+". Thus, Equation (B-1) can be writ ten,  for 
cu > 0, as 
where 
Solving for   g  
+ 





Similar expressions for positive stream can be derived for the other reduced 
distribution  functions. 
Finite-difference equations for "negative stream", (eo < 0) could  be 
derived by using forward differences i n  physical and backwarddifferences in 
velocity space. Equation (B-1) can then be written for "negative stream", 
cU < 0) indicated by a superscript "-" J as 
and 
solving f o r  g- , one gets i , o  
E 





(AY) 3ui 3ui 
Similar expressions for negative stream can be derived for the other reduced 
distribution  functions. 
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